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Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is difficult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has
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Exclusive processes in perturbative quantum chromodynamics

G. Peter Lepage
Laboratory ofNuclear Studies, Cornell University, Ithaca, New York 14853

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford UniuersitySt, anford, California 94305

(Received 27 May 1980)

We present a systematic analysis in perturbative quantum chromodynamics (@CD) of large-momentum-transfer
exclusive processes. Predictions are given for the scaling behavior, angular dependence, helicity structure, and
normalization of elastic and inelastic form factors and large-angle exclusive scattering amplitudes for hadrons and
photons. We prove that these reactions are dominated by quark and gluon subprocesses at short distances, and thus
that the dimensional-counting rules for the power-law falloff of these amplitudes with momentum transfer are
rigorous predictions of @CD, modulo calculable logarithmic corrections from the behavior of the hadronic wave
functions at short distances. These anomalous-dimension corrections are determined by evolution equations for
process-independent meson and baryon "distribution amplitudes" Si(x, ,g) which control the valence-quark
distributions in high-momentum-transfer exclusive reactions. The analysis can be carried out systematically in
powers of a, (Q'), the QCD running coupling constant. Although the calculations are most conveniently carried
out using light-cone perturbation theory and the light-cone gauge, we also present a gauge-independent analysis
and relate the distribution amplitude to a gauge-invariant Bethe-Salpeter amplitude.

I. INTRODUCTION

In this paper we present a systematic analysis
in quantum chromodynamics (QCD) of exclusive
processes involving transfer of large momenta.
The results lead to a comprehensive new range of
rigorous predictions of perturbative QCD which
test both the scaling and spin properties of quark
and gluon interactions at large momentum as well
as the detailed structure of hadronic wave func-
tions at short distances. Predictions are possible
for a huge number of experimentally accessible
phenomena including the elastic and inelastic
electromagnetic and weak form factors of had-
rons, and, more generally, large-angle exclusive
scattering reactions where the interacting parti-
cles can be either hadrons or photons. We con-
firm that the dimensional-counting rules' for the
power-law falloff of these amplitudes at large mo-
mentum transfer are rigorous predictions of QCD,
up to calculable powers of the running coupling
constant &,(Q ) or (in@ /& ) . Angular depen-
dence, helicity structure, relative and sometimes
even the absolute normalization can be computed
for all such processes.
A simple picture emerges from our analysis of

these processes. For example, consider the
proton's magnetic form factor Gtt(Q ) at large
-q =Q . This is most easily understood in the
infinite-momentum frame where the proton is ini-
tially moving along the z axis and then is struck
by a highly virtual photon carrying large trans-
verse momentum qj. =-q . The form factor is the
amplitude for the composite hadron to absorb

large transverge momentum while remaining in-
tact. In effect, an intact" baryon can be pictured
as three valence quarks, each carrying some frac-
tion x; of the baryon's momentum(Q; tx,. = 1) and
all moving roughly parallel with the hadron. As
we shall see, the more complicated nonvalence
Fock states in the proton (i. e. , qqqqq, qqqg, . . . )
are unimportant as Q ~. The form factor is
then the product of three probability amplitudes:
(a) the amplitude P for finding the three-quark
valence state in the incoming proton; (b) the ampli-
tude &„ for this tluark state to scatter with the
photon producing three quarks in the final state
whose momenta are roughly collinear, ' and (c) the
amplitude P* for this final quark state to reform
into a hadron. Thus the magnetic form factor can
be written [see Fig. 1(a)]

p1 p1
Gn(Q') = ~' [dx] ~ [dy]e*(y;, Q,)Tn(xt, y;, 0)

&0 ~0

x4(xt q )[1+0(rrt'/q'. )]

where [dx]=- dxtdx2dxs5(1-Q, x,) and Q„= min;(x, .Q).
To leading order in &,(Q ), the "hard-scattering

amplitude" && is the sum of all Born diagrams
for y*+3q-Sq in perturbative QCD. The trans-
verse-momentum fluctuations of the quarks in the
initial and final protons are negligible relative to
qi, as are all particle masses. These can be ig-
nored in ~„so that in effect each hadron is re-
placed by collinear on-shell valence partons.
Since the final quarks are collinear, momentum
of 0(qi) -~ must be transferred from quark line
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Light-Front QCD
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The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states
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Scaling: manifestation of asymptotically free hadronic interactions
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In terms of the hadron four-momentum P =
(P+, P�, ⌦P⇤) with P± = P0 ± P3, the light-
front frame independent Hamiltonian for a
hadronic composite system HQCD
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explicitly the initial and final Fock states

!q, qN "" 1

!n
$

%$

!
$!"

b!
$"

(k
&
, #

&
)d!

$"M
(k

&N
, #

&N
)!0" , (3.29)

!q$, qN $"" 1

!n
$

%$
!
$!"

b!
$"

(k$
&
, #$

&
)d!

$"M
(k$

&N
, #$

&N
)!0" , (3.30)
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Fig. 2. The Hamiltonian matrix for a SU(N)-meson. The matrix elements are represented by energy diagrams. Within
each block they are all of the same type: either vertex, fork or seagull diagrams. Zero matrices are denoted by a dot ( ) ).
The single gluon is absent since it cannot be color neutral.

mass or momentum scale Q. The corresponding wavefunction will be indicated by corresponding
upper scripts,

!!""
!#"

(x
#
, k

!
, !

#
) or !!$"

!#"
(x

#
, k

!
, !

#
) . (3.15)

Consider a pion in QCD with momentum P"(P%, P
!
) as an example. It is described by

"# : P$" $
!
!%&
!d[%

!
]"n : x

#
P%, k

!#
#x

#
P
!
, !

#
$!

!#!(x#
, k

!#
, !

#
) , (3.16)

where the sum is over all Fock space sectors of Eq. (3.7). The ability to specify wavefunctions
simultaneously in any frame is a special feature of light-cone quantization. The light-cone
wavefunctions !

!#! do not depend on the total momentum, since x
#
is the longitudinal momentum

fraction carried by the i"# parton and k
!#

is its momentum “transverse” to the direction of the
meson; both of these are frame-independent quantities. They are the probability amplitudes to find
a Fock state of bare particles in the physical pion.

More generally, consider a meson in SU(N). The kernel of the integral equation (3.14) is
illustrated in Fig. 2 in terms of the block matrix &n : x

#
, k

!#
, !

#
"H"n' : x'

#
, k'

!#
, !'

#
$. The structure of this

matrix depends of course on the way one has arranged the Fock space, see Eq. (3.7). Note that most
of the block matrix elements vanish due to the nature of the light-cone interaction as defined in
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Heisenberg Equation

Light-Front QCD DLCQ: Solved QCD(1+1) for 
any  quark mass and flavors

Minkowski space; frame-independent; no fermion doubling; no ghosts

Hornbostel, Pauli, sjb

BLFQ (Vary et al) 
Use LF Holographic BasisDLCQ:  Diagonalize QCD Hamiltonian, periodic LF BC 

Discretized LF Quantization



Diagonalize the LF Hamiltonian on an Orthonormal Basis
Lorentz Frame-Independent, 
Minkowski Causal LF Time 

Compute Hadron masses, LF Wavefunctions
Successful applications to QCD(1+1)
Use advanced computer resources

Competitive with LGTh?

Solve QCD by Matrix Diagonalization

H. C.  Pauli, K. Hornbostel, sjb
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FIG. 25. Cross sections for pp -pp at wide angles (Ref. 41). The straight lines correspond to a falloff of 1/s

the data. However, the analysis leading to Eqs.
(5.1) and (5.2) does not explain the small oscilla-
tions observed about the dimensional-counting pre-
diction in both mp and pp elastic scattering. Also,
it is not yet clear whether the large, rapidly
varying spin correlations observed in large-angle
polarized PP scattering are consistent with Eq.
(5.1).
The cross section ' for rp-&p appears to fall

as -1/s' at fixed angles [Fig. 28(a)] as would be
expected from Eq. (5.2) if the photon is treated
as an e'lementary particle [i.e. , An =1 due to 102 l00

7T P -= 7l P
I I

I I I I

each y in (5.2)]. Data for yp-&'n is also con-
sistent with this picture giving a cross section
do/dt -1/s [Fig. 28(b)]. Other me'son-photopro-
duction cross sections (yp-s'p, KA, nb) show 1/s"
falloff with n ranging from 7 to 8, suggesting that
in some of these the hadronic component of the
photon may be important (it gives 1/s rather than
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FEG. 26. Cross sections for ~ p ~ p at wide angles
(Ref. 42).

FlG. 27. Cross sections for ~ p -~ p scaled by s
(Ref. 42).

Scaling of Hard Exclusive reactions:  Fixed t/s

Manifestation of Asymptotic Freedom

d�

dt
(p + p! p + p) =

F (✓CM )
s10



u

u

d

K+

p0

p

K+0s̄

u

 Quark Interchange Blankenbecler, Gunion, sjb  

Analog of 
(electron) 

spin exchange 
in atom-atom 

scattering

K+p! K+p

Interactions between exchanged quarks suppressed at high momentum transfer



 

Non-linear Regge behavior:

�R(t)⇤ �1

z = ⇤

⌅4

⇥ = 0

B(0) = 0 Fock-state-by-Fock state

qR,L = qx ± iqy

⇧(x, b⌅)

d⇤
dt = |M(s,t)|2

sntot�2

M(t, u)interchange ⇥ 1
ut2

⇤

|b⇤|

⌅(⇤, b⇤)

A(⇤, b⇤) =
1

2⇥

�
d�ei⇤�Ã(b⇤, �)

Quark Interchange

d�
dt = f(t/s)

sN�2
N-2 =# fundamental constituents -2  = 2+3+2 +3- 2=8

“Counting Rules”  Farrar and  sjb;  Muradyan, Matveev, Tavkelidze

d�
dt (K

+p ! K+p) = F (t/s)
s8

Quark Interchange 
Blankenbecler, Gunion, sjb  



Challenge: Compute Hadron Structure, 
Spectroscopy, and Dynamics from QCD!

• Color Confinement 

• Origin of the QCD Mass Scale 

• Meson and Baryon Spectroscopy 

• Exotic States: Tetraquarks, Pentaquarks, Gluonium, 

• Universal Regge Slopes: n, L, Mesons and Baryons 

• Almost Massless Pion: GMOR Chiral Symmetry Breaking

 

• QCD Coupling at all Scales   

• Eliminate Scale Uncertainties and Scheme Dependence:  
BLM/PMC (Principle of Maximum Conformality) 

3

Chiral symmetry breaking.–The chiral limit follows di-
rectly from (12) since all the coe�cients C vanish for
 6= 0 in this limit. From (12) we obtain

M2
⇡ = �(mu+md) +O

�
(mu+md)

2
�
, (14)

in the limit mu,md ! 0. It has the same linear depen-
dence in the quark mass as the Gell-Mann-Oakes-Renner
(GMOR) relation [43]

M2
⇡f

2
⇡ = �

1
2 (mu+md)hūu+d̄di+O

�
(mu+md)

2
�
, (15)

where the vacuum condensate h  i ⌘ 1
2 hūu + d̄di plays

the role of a chiral order parameter. The same linear de-
pendence in (14) arises for the (3 + 1) e↵ective LF Hamil-
tonian, since the constraints from the superconformal al-
gebra require that the contribution to the pion mass from
the transverse LF dynamics is identically zero [8].

The lowest mode eigenfunction in (11) has identi-
cal form as the approximate analytic solution obtained
in [21, 22], �(x) ⇠ x�1(1 � x)�2 , where the exponents
�i are determined by quark masses and the longitudinal
coupling g, which in QCD(1+1) has units of mass. In the
’t Hooft model [21] the longitudinal equation (4) becomes
the non-linear equation

 
m2

q

x
+

m2
q̄

1� x

!
�(x) +

g2NC

⇡
P

Z 1

0
dx0�(x)� �(x0)

(x� x0)2

= M2
k �(x), (16)

with ⇡m2
q/g

2NC�1+⇡�1 cot(⇡�1) = 0 from the x-power
expansion of (16) at x = ✏ and a similar expression from
the upper bound x = 1�✏. Spontaneous chiral symmetry
breaking occurs in the limit NC ! 1, followed by the
limit mq ! 0 with the result �i = (3m2

i /⇡g
2NC)1/2 from

the expansion of the transcendental equation above and

M2
⇡ = g

p
⇡NC/3 (mu +md) +O

�
(mu+md)

2
�
, (17)

from integrating (16) [21, 23]. Comparison with (14)
leads to � = g

p
⇡NC/3 = const, since g scales as

g ⇠ 1
p
NC and chiral logarithms are suppressed at

NC ! 1. We notice that both (14) and (17) receive
identical contributions from the potential and kinetic en-
ergy terms in agreement with the virial theorem.

Numerical results.–In practice, we need to know the
value of the scale � and the quark masses to compute
M2

k . In the heavy quark limit Eq. (10) coincides with the

heavy-quark e↵ective theory (HQET) result [44], which
requires that the confining scale is proportional to the
mass of the heavy meson:

p
�Q = C

p
MQ [13, 28]. The

value is C = 0.49± 0.02 GeV1/2 for MQ � 1.8 GeV [15],
namely � ' C2 = 0.24 GeV. We assume that this value
of the longitudinal confinement scale to remain constant,
a result supported by the large NC QCD(1 + 1) ’t Hooft
model discussed above. Thus, fixing C ' 0.5 GeV1/2

at all scales, we can determine the e↵ective light quark
masses mu and md from the measured pion mass and the
strange quark mass, ms, from the kaon mass using (12):
The value of the �(1020) mass is then a prediction. No-
tice that the �(1020) vector meson also has the transverse
mass component M? =

p
2� from the spin-spin interac-

tion in supersymmetric LF holographic QCD [9, 35] withp
� = 0.523 GeV.

TABLE I. Lowest expansion coe�cients C in (13).

 = 0  = 1  = 2  = 3  = 4  = 5  = 6
C(ud̄) 0.998 0 0.055 0 0.010 0 -0.003
C(us̄) 0.967 -0.231 0.100 -0.006 -0.009 0.013 -0.016
C(ss̄) 0.998 0 0.038 0 -0.045 0 -0.024
C(uc̄) 0.958 -0.267 0.097 -0.012 -0.003 0 -0.007
C(cc̄) 0.999 0 0.016 0 -0.020 0 -0.003

We show in Table I the values of the lowest expansion
coe�cients. The results for the light meson masses in
Fig. 1 correspond to the values mu = md = 28 MeV and
ms = 326 MeV. Meson masses are determined from the
stability plateau in Fig. 1. For light quark masses con-
tributions above max ' 20 introduce large uncertainties
from highly oscillatory integrands. In Fig. 2 we show the
e↵ect of the strong oscillations from the large  behavior
of the Jacobi Polynomials [46] by examining the variation
of the results for quark masses in the interval mq = 28
MeV to mq = 28⇥ 10�8 MeV.

FIG. 1. Numerical evaluation of ground state meson masses
from the stability plateau in the figure using (12). The hori-
zontal grey lines in the figure are the observed masses [45].

The distribution amplitude (DA) [47], X(x) ⌘p
x(1� x�(x), for the pion, kaon and J/ mesons are

shown in Fig. (3). Due to the rapid convergence of the
exponential wave function in the basis expansion (13),
very few modes are required to reproduce the invari-
ant mass ansatz. The DAs predicted by holographic LF
QCD at the initial nonperturbative scale should then

αs(Q2)



Need a First Approximation to QCD 

 Comparable in simplicity to 
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining 

Origin of hadronic mass scale if mq=0

AdS/QCD
Light-Front Holography

Semi-Classical Approximation to QCD

de Téramond, Dosch, Lorcé, sjb



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0
Single variable Equation!-

LF Holography

de Téramond, Dosch, Lorcé, sjb



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the AdS action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.5 GeV

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of AdS action!• Fubini, Rabinovici: 

e'(z) = e+2z2

Single variable  ζ

⇥
� d2

d⇣2 � 1�4L2

4⇣2 + U(⇣)
⇤
 (⇣) = M2 (⇣)

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

GeV units external to QCD: Ratios of Masses Determined
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Superconformal Quantum Mechanics 
Light-Front Holography
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de Téramond, Dosch, Lorcé, sjb
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BLFQ using AdS/QCD 

Yang Li , Pieter Maris  Xingbo Zhao,  James P. Vary  PLB 758, 116 (2016)
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•Soft-wall dilaton profile breaks

•Color Confinement in z

•Introduces confinement scale κ

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Light-Front Holography

AdS/CFT

D. Gross:  duality of QCD with string theory

https://indico.cern.ch/event/628450/
https://indico.cern.ch/event/628450/


• Nonconformal metric dual to a confining gauge theory

ds2 =
R2

z2
e⇤(z)

�
�µ⇥dxµdx⇥ � dz2

⇥

where ⇤(z) ⇧ 0 at small z for geometries which are

asymptotically AdS5

• Gravitational potential energy for object of mass m

V = mc2�g00 = mc2R
e⇤(z)/2

z

• Consider warp factor exp(±⇥2z2)

• Plus solution: V (z) increases exponentially confining

any object in modified AdS metrics to distances ⌃z⌥ ⌅ 1/⇥

KITPC, Beijing, October 19, 2010 Page 9

Klebanov and Maldacena 

Introduce  “Dilaton" to simulate confinement analytically

Positive-sign dilaton • de Te’ramond, sjbe'(z) = e+2z2



AdS Soft-Wall Schrödinger Equation for  
bound state  of  two scalar constituents:

U(z) = �4z2 + 2�2(L + S � 1)

• de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

e'(z) = e+2z2

Derived from variation of Action for Dilaton-Modified AdS5 

Identical to Single-Variable Light-Front Bound State Equation in ζ! 

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

Light-Front Holography



x,~k? x,~k? + ~q?

 (xi,~k
0
?i) (xi,~k?i)

p

�⇤

~k0?i = ~k?i + (1� xi)~q?struck
~k0?i = ~k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Front Form

Drell, sjb <latexit sha1_base64="Tyu0Cl2Kt1tS6dQCFH7y95ARcFs=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIBGCtYGFupL6mtKse9ba06dmQ7SCXqD7DwKywMIMTKzsbf4LQZoOVIlo7OOVfX9wQRZ9p43reztr6xubWd28nv7u0fHLpHx00tY0WhQSWXqh0QDZwJaBhmOLQjBSQMOLSCyW3qt+5BaSZF3Uwj6IVkJNiQUWKs1HeLdUWEThOANXsAXOxGSkZG4sTvSqvj2qzYdwteyZsDrxI/IwWUodp3v7oDSeMQhKGcaN3xvcj0EqIMoxxm+W6sISJ0QkbQsVSQEHQvmV8zw+dWGeChVPYJg+fq74mEhFpPw8AmQ2LGetlLxf+8TmyG172EiSg2IOhi0TDm2B6bVoMHTAE1fGoJoYrZv2I6JopQY+vJ2xL85ZNXSbNc8i9L5Vq5ULnJ6sihU3SGLpCPrlAF3aEqaiCKHtEzekVvzpPz4rw7H4vompPNnKA/cD5/AMZum1o=</latexit>

Transverse size / 1
Q



Holographic Mapping of AdS Modes to QCD LFWFs

• Integrate Soper formula over angles:

F (q2) = 2⇥

⇧ 1

0
dx

(1� x)
x

⇧
�d�J0

⇥
�q

⌥
1� x

x

⇤
⇤̃(x, �),

with ⌃⇤(x, �) QCD effective transverse charge density.

• Transversality variable

� =
⌥

x

1� x

���
n�1⌅

j=1

xjb⇥j

���.

• Compare AdS and QCD expressions of FFs for arbitrary Q using identity:

⇧ 1

0
dxJ0

⇥
�Q

⌥
1� x

x

⇤
= �QK1(�Q),

the solution for J(Q, �) = �QK1(�Q) !

Exploring QCD, Cambridge, August 20-24, 2007 Page 35

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

Drell-Yan-West: Form Factors are 
Convolution of LFWFs

Identical to Polchinski-Strassler Convolution of AdS Amplitudes

de Te’ramond, sjb

LF(3+1)                AdS5
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Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Te’ramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holographic Dictionary



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.5 GeV

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!• Fubini, Rabinovici: 

e'(z) = e+2z2

Single variable  ζ

⇥
� d2

d⇣2 � 1�4L2

4⇣2 + U(⇣)
⇤
 (⇣) = M2 (⇣)

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

GeV units external to QCD: Ratios of Masses Determined
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� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �J = M2 �J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM )

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

Superconformal  
Quantum Mechanics 

Same   !
S=0, P=+

� = 2

de Téramond, Dosch, Lorcé, sjb
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G. de Te’ramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potentialm⇡ = 0 if mq = 0

Massless pion! 

~⇣2 = ~b2?x(1� x)



Superconformal Algebra
Four-Plet Representations

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

Tetraquark: 
diquark + antidiquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C
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G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potentialm⇡ = 0 if mq = 0

Massless pion! 

~⇣2 = ~b2?x(1� x)
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Superconformal Algebra
Four-Plet Representations
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

Tetraquark: 
diquark + antidiquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C



`

• Universal quark light-front kinetic energy 

• Universal quark light-front potential energy 

• Universal Constant Contribution from AdS 
and Superconformal Quantum Mechanics

�M2
LFKE = 2(1 + 2n + L)

�M2
LFPE = 2(1 + 2n + L)

Equal: 
Virial 

Theorem 

hyperfine spin-spin

�M2
spin = 22(L + 2S + B � 1)

M2
H

2
= (1 + 2n + L) + (1 + 2n + L) + (2L + 4S + 2B � 2)

Universal Hadronic Decomposition
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Supersymmetry in QCD

• A hidden symmetry of Color SU(3)C in hadron 
physics:   

• Relates meson and baryon spectroscopy

• QCD: No squarks or gluinos!

• Emerges from Light-Front Holography and 
Super-Conformal Algebra

• Color Confinement

de Téramond, Dosch, Lorcé, sjb

Input: one fundamental mass scale
κ = λ = 0.523 ± 0.024 GeV



!

!

!

!!

!!

!!
!!
!!

"

"

"

"

#

#

#

#

M2 !GeV2"

LM ! LB ! 1
Ρ, Ω

a2, f2

Ρ3, Ω3

a4, f4

$
3
2

!

$
1
2

%

, $
3
2

%

$
1
2

!

, $
3
2

!

, $
5
2

!

, $
7
2

!

$
11
2

!

0 1 2 3 4 5
0

1

2

3

4

5

6

⇢�� superpartner trajectories

Dosch, de Teramond, sjb L (Orbital Angular Momentum)

MESONS
[qq̄]

BARYONS
[qqq]

bosons fermions

Supersymmetric  
QCD Spectroscopy 



 Stan Brodsky Supersymmetric Features of Hadron Physics 
from Superconformal Algebra 
and Light-Front Holography 19 April 2021

4/6/21, 6:11 PMUniversity Of Kentucky Logo Png, Transparent Png - kindpng

Page 1 of 4https://www.kindpng.com/imgv/iiJhTxo_university-of-kentucky-logo-png-transparent-png/

Similar With University Of Kentucky Logo Png

University Of Kentucky Logo Png, Transparent Png

!  FREE DOWNLOAD

!  FREE DOWNLOAD

FILE SIZE: 31 KB

RESOLUTION: 1280X341

IMAGE LICENSE: PERSONAL USE ONLY

DOWNLOADS: 3

/ 9 VIEWS

DOWNLOAD FREE CLIP ART1. ››

CREATE YOUR OWN LOGO2. ››

MAKE MY OWN LOGO3. ››

DOWNLOAD FREE IMAGES4. ››

VECTOR CLIP ART5. ››

MAZDA CX 5 DEALS6. ››

Sponsored | Business Focus

!  FREE DOWNLOAD

University Of Kentucky Logo Png

Monster University Png

Kansas University Logo Png

Harvard University Png

Kentucky Png

Indiana University Logo Png

POPULAR SEARCHES

Uploaded by Gabriellemii

  SEND MESSAGE    DMCA

Search ...  " BE A CONTRIBUTOR LOGIN SIGN UP

Remarkable Features of  
Light-Front Schrödinger Equation

•Relativistic, frame-independent

•QCD scale appears - unique LF potential

•Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter

•Zero-mass pion for zero mass quarks!

•Regge slope same for n and L  -- not usual HO

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry

•Phenomenology: LFWFs, Form factors, electroproduction

•Extension to heavy quarks

U(⇣) = 4⇣2 + 22(L + S � 1)

Dynamics + Spectroscopy! 
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• Poincarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the AdS Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

LFHQCD: Underlying Principles

U(⇣2) = 4⇣2

e+2z2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9
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Figure 1: Comparison of the light-front holographic prediction [1] M
2(n, L, S) =

4�(n+ L+ S/2) for the orbital L and radial n excitations of the meson spectrum with
experiment. See Ref. [2]

1 Introduction

A remarkable empirical feature of the hadronic spectrum is the near equality of the

slopes of meson and baryon Regge trajectories. The square of the masses of hadrons

composed of light quarks is linearly proportional not only to L, the orbital angular

momentum, but also to the principal quantum number n, the number of radial nodes in

the hadronic wavefunction as seen in Fig. 1. The Regge slopes in n and L are equal, as in

the meson formula M
2
M
(n, L, S) = 4�(n+L+S/2 from light front holographic QCD [1],

but even more surprising, they are observed to be equal for both the meson and baryon

trajectories, as shown in Fig. 2. The mean value for all of the slopes is  =
p
� = 0.523

GeV. See Fig. 3.

4

M2(n,L, S) = 42(n + L + S/2) Equal Slope in n and L
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S = 0 S = 0

Soft Wall 
Model

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!



Structure of Hadron Bound-State Equations in LFHQCD
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Symmetry for VM first noticed by E. Klempt

p
� = 0.523 ± 0.024 GeV

• Quadratic mass correction for light quark masses

�M
2[m1, · · · ,mn] =

�
2

F

dF

d�

with F [�] =
R 1
0 · · ·

R
dx1 · · · dxn e

� 1
�

✓Pn
i=1

m2
i

xi

◆

�(
Pn

i=1 xi � 1)

• How universal is the semiclassical approximation based on superconformal LFHQCD ?

Best fit for hadronic scale

p
� from different light hadron sectors including radial and orbital excitations

Bound States in QCD, St Goar, 9 April 2019

Page 11

κ = λ = 0.523 ± 0.024

Universal Regge Slope in L and n



Prediction from AdS/QCD: Meson LFWF
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de Teramond, 
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⇤M(x, k2
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µR

µR = Q

µF = µR
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µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure
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e'(z) = e+2z

C. D. Roberts et al.
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General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1
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• Light Front Wavefunctions:                                   

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

“Hadronization at the Amplitude Level”

o↵-shell in P� and invariant massM2
qq̄

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Boost-invariant LFWF connects confined quarks and gluons to hadrons

x,~k?

1� x,�~k?
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Light-Front Holography:  First Approximation to QCD
• Color Confinement, Analytic form of confinement potential 

• Retains underlying conformal properties of QCD despite mass scale  (DeAlfaro-Fubini-
Furlan Principle) 

• Massless quark-antiquark pion bound state in chiral limit, GMOR 

• QCD coupling at all scales 

• Connection of perturbative and nonperturbative mass scales 

• Poincarè Invariant 

•Hadron Spectroscopy-Regge Trajectories with universal slopes in n, L 

•Supersymmetric 4-Plet:  Meson-Baryon -Tetraquark Symmetry 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions, Hadronic Observables 

•OPE: Constituent Counting Rules 

•Hadronization at the Amplitude Level:  Many Phenomenological Tests 

•Systematically improvable:  Basis LF Quantization (BLFQ)

de Téramond, Dosch, Lorcé, sjb



Supersymmetry across the light and heavy-light spectrum
de Téramond, Dosch, Lorcé, sjb



Supersymmetry across the light and heavy-light spectrum

Heavy charm quark mass does not break supersymmetry

de Téramond, Dosch, Lorcé, sjb



Superconformal Algebra
Four-Plet Representations

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

Tetraquark: 
diquark + antidiquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C



]

uu

ū

uu

uu
L = 0

L = 1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! (qq)
3̄C ! 3̄C

( )

( ) ( )
[

JPC = 2++

JP =
3

2

+ JPC = 1++

L = 0

�+(1232)

L = 1, S = 1

u u

u ū

f2(1270)

S = 1

S = 0

Superconformal Algebra 4-Plet 

Vector ()+ Scalar [] Diquarks

Tetraquark

Meson Baryon

d̄

a1(1260)



Superconformal meson-baryon-tetraquark symmetry

H. G. Dosch, GdT, S. J. Brodsky, PRD 91, 085016 (2015)

Upon the substitution in the superconformal equations

x 7! ⇣, E 7! M
2,

� 7! �B = �M , f 7! LM �
1
2 = LB + 1

2

�1 7! �M , �2 7! �B

we find the LF meson/baryon bound-state equations

 
�

d
2

d⇣2
+

4L2
M

� 1

4⇣2
+ �2

M
⇣2 + 2�M(LM � 1)

!
�M = M

2 �M

 
�

d
2

d⇣2
+

4L2
B
� 1

4⇣2
+ �2

B
⇣2 + 2�B(LN + 1)

!
�B = M

2 �B

π

π2

π4

b1

b3

b5�2 �4λ

�
1
2+

�
3
2-

�
5
2+

�
9
2+

�
3
2-

� =

✓
�M ��

B

�+
B

�T

◆

Superconformal QM imposes the condition � = �M = �B (equality of Regge slopes)

and the remarkable relation LM = LB + 1

LM is the LF angular momentum between the quark and antiquark in the meson and
LB between the active quark and spectator diquark cluster in the baryon

Full hadron 4-plet: meson-baryon-tetraquark

S. J. Brodsky, GdT, H. G. Dosch and C. Lorce, PLB 759, 171 (2016)
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H. G. Dosch, G. d-Te’ramond, sjb, PRD 91, 085016 (2015) 

G d-Te’ramond, H. G. Dosch and C. Lorce, PLB 759, 171 (2016) 

Superconformal meson-baryon-tetraquark symmetry



M. Nielsen, 
sjbNew Organization of the Hadron Spectrum

Meson Baryon        Tetraquark



a


a

Superpartners for states with one c quark

predictions             beautiful agreement!M. Nielsen, sjb 56
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A.P.  Trawinski, S.D. Glazek, H. D. Dosch, G. de Teramond, sjb

Connection to the Linear Instant-Form  
Heavy Quark Potential

Linear instant nonrelativistic form V (r) = Cr for heavy quarks

Harmonic Oscillator U(⇣) = 4⇣2 LF Potential for relativistic light quarks



HQCD
LF |ψ>=M2|ψ>

Dirac’s Front Form: Fixed τ= t+ z/c

Bound States in Relativistic Quantum Field Theory: 

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT, the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

LF Wavefunction: off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3

Boost invariant, Lorentz frame independent, Causal



x,~k? x,~k? + ~q?

 (xi,~k
0
?i) (xi,~k?i)

p

�⇤

~k0?i = ~k?i + (1� xi)~q?struck
~k0?i = ~k?i � xi~q?spectators

< p + q|j+(0)|p >= 2p+F (q2)

p + q

~q?q+ = 0

q2
? = Q2 = �q2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Front Form
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Timelike Pion Form Factor from AdS/QCD  
          and Light-Front Holography
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Using SU(6) flavor symmetry and normalization to static quantities
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For leptons, such as the electron or neutrino, it is convenient to employ the electron
mass for M , so that the magnetic moment is given in Bohr magnetons.

Now we turn to the evaluation of the helicity-conserving and helicity-flip vector-
current matrix elements in the light-front formalism. In the interaction picture, the
current Jµ(0) is represented as a bilinear product of free fields, so that it has an
elementary coupling to the constituent fields [13, 14, 15]. The Dirac form factor can
then be calculated from the expression

F1(q
2) =

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej

�
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 
, (10)

whereas the Pauli and electric dipole form factors are given by

F2(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
1

2
⇥ (11)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i) +
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

,

F3(q2)

2M
=

⇧

a

⌥
[dx][d2k⇧]

⇧

j

ej
i

2
⇥ (12)

�
� 1

qL
⌅⇥�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇤

a(xi,k⇧i, ⇥i)�
1

qR
⌅⇤�

a (xi,k
⌅
⇧i, ⇥i) ⌅⇥

a(xi,k⇧i, ⇥i)
 

.

The summations are over all contributing Fock states a and struck constituent charges
ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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ej. Here, as earlier, we refrain from including the constituents’ color and flavor
dependence in the arguments of the light-front wave functions. The phase-space
integration is

⌥
[dx] [d2k⇧] ⇤

⇧

�i,ci,fi

⇤
n⌃

i=1

�⌥ ⌥ dxi d2k⇧i

2(2⇤)3

⇥⌅

16⇤3�

�

1�
n⇧

i=1

xi

⇥

�(2)

�
n⇧

i=1

k⇧i

⇥

, (13)

where n denotes the number of constituents in Fock state a and we sum over the
possible {⇥i}, {ci}, and {fi} in state a. The arguments of the final-state, light-front
wave function di�erentiate between the struck and spectator constituents; namely, we
have [13, 15]

k⌅
⇧j = k⇧j + (1� xj)q⇧ (14)

for the struck constituent j and

k⌅
⇧i = k⇧i � xiq⇧ (15)

for each spectator i, where i ⌅= j. Note that because of the frame choice q+ = 0, only
diagonal (n⌅ = n) overlaps of the light-front Fock states appear [14].
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Nonzero Proton Anomalous Moment --> 
Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor
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•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

•Analytic connection to other schemes: 

Commensurate scale relations 

Bjorken sum rule defines effective charge: ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q2)� gen
1 (x,Q2)] ⌘ ga
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Matching Scale
Matching the couplings from LFHQCD and pQCD

 12

Bjorken sum rule:

Imposing continuity for α 
and its first derivative

Effective coupling in LFHQCD 
(valid at low-Q2)

A. Deur, S.J. Brodsky, G.F. de Téramond,  
Phys. Lett. B 750, 528 (2015); J. Phys. G 44, 105005 (2017).

Analytic, defined at all scales, IR Fixed Point

Running Coupling from AdS/QCD
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Fit to Bj + DHG Sum Rules:
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Reverse Dimensional Transmutation!

Use Q0 for starting 
DGLAP  and ERBL 

Evolution

Experiment:
⇤MS = 0.332± 0.017 GeV

5-Loop � Prediction:
⇤MS = 0.339± 0.019 GeV



Infrared behavior of the strong coupling

A. Deur, S. J. Brodsky and GdT (2010, 2015, 2016, 2017)

Initial DGLAP evolution scale form IR-UV
matching of QCD coupling

IR behavior of strong coupling in LFHQCD

↵IR

s (Q2) = ↵IR

s (0)e�Q
2/4�

⇤QCD and transition scale Q0 from matching
perturbative (5-loop) and nonperturbative
regimes for

p
� = 0.534± 0.05 GeV

Transition scale: Q
2
0 ' 1 GeV2

Connection between proton mass, M2
p = 4�,

the ⇢ mass, M2
p = 2�, and the perturbative

QCD scale ⇤QCD in any RS ! IR QCD strong coupling from Bjorken
sum-rule vs HLFQCD prediction (red)

Similar behavior of the IR coupling was obtained from the DSE

D. Binosi et al. (2017) and Z. F. Cui, et al. Chin. Phys. C 44, 083102 (2020)
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γu ≡
2χpγp þ χnγn
2χp þ χn

; γd ≡
2χnγn þ χpγp
2χn þ χp

; ð19Þ

where the higher Fock probabilities γp;n represent the large
distance pion contribution and have the values γp ¼ 0.27
and γn ¼ 0.38 [56]. Our results for Eq

vðx; tÞ are displayed
in Fig. 3.
Pion GPD.—The expression for the pion GPD

Hu;d̄
v ðx; tÞ ¼ qu;d̄v ðxÞ exp ½tfðxÞ& follows from the pion FF

in [81], where the contribution from higher Fock compo-
nents was determined from the analysis of the timelike
region [81]. Up to twist 4,

qu;d̄v ðxÞ ¼ ð1 − γÞqτ¼2ðxÞ þ γqτ¼4ðxÞ; ð20Þ

where the PDFs are normalized to the valence quark
content of the pion

R
1
0 dxq

u;d̄
v ðxÞ ¼ 1, and γ ¼ 0.125

represents the meson cloud contribution determined in [28].
The pion PDFs are evolved to μ2 ¼ 27 GeV2 at next-to-

leadingorder (NLO) to comparewith theNLOglobal analysis
in [82,83] of the data [84]. The initial scale is set at μ0 ¼
1.1'0.2 GeV from the matching procedure in Ref. [75] at
NLO. The result is shown in Fig. 4, and the t dependence of
Hq

vðx; tÞ is illustrated in Fig. 5. We have also included the
NNLO results in Fig. 4, to comparewith future data analysis.
Our results are in good agreement with the data analysis

in Ref. [82] and consistent with the nucleon global fit
results through the GPD universality described here. There
is, however, a tension with the data analysis in [83] for
x ≥ 0.6 and with the Dyson-Schwinger results in [85],
which incorporate the ð1 − xÞ2 pQCD falloff at large x from
hard gluon transfer to the spectator quarks. In contrast, our
nonperturbative results falloff as 1 − x from the leading

twist-2 term in (20). A softer falloff ∼ð1 − xÞ1.5 in Fig. 4
follows from DGLAP evolution. Our analysis incorporates
the nonperturbative behavior of effective LFWFs in the
limit of zero quark masses. However, if we include a
nonzero quark mass in the LFWFs [28,86,87], the PDFs
will be further suppressed at x → 1.
Effective LFWFs.—Form factors in light-front quantiza-

tion can be written in terms of an effective single-particle
density [88]

FðQ2Þ ¼
Z

1

0
dxρðx;QÞ; ð21Þ

where ρðx;QÞ ¼ 2π
R∞
0 dbbJ0½bQð1 − xÞ&jψ effðx; bÞj2

with transverse separation b ¼ jb⊥j. From (8), we find
the effective LFWF

ψτ
effðx;b⊥Þ ¼

1

2
ffiffiffi
π

p

ffiffiffiffiffiffiffiffiffiffiffi
qτðxÞ
fðxÞ

s

ð1 − xÞ exp
"
−
ð1 − xÞ2

8fðxÞ
b2⊥

#
;

ð22Þ

FIG. 3. Nucleon GPDs for different values of −t ¼ Q2 at
the scale μ0 ¼ 1.06'0.15 GeV. (Top) Spin nonflip Hq

vðx; tÞ.
(Bottom) Spin-flip Eq

vðx; tÞ.

FIG. 4. Comparison for xqðxÞ in the pion from LFHQCD (red
band) with the NLO fits [82,83] (gray band and green curve) and
the LO extraction [84]. NNLO results are also included (light blue
band). LFHQCD results are evolved from the initial scale μ0 ¼
1.1'0.2 GeV at NLO and the initial scale μ0 ¼ 1.06'0.15 GeV
at NNLO.

FIG. 5. Pion GPD for different values of −t ¼ Q2 at the scale
μ0 ¼ 1.1'0.2 GeV.
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we find qτðxÞ ∼ ð1 − xÞ2τ−3, which is precisely the Drell-
Yan inclusive counting rule at x → 1 [63–65], correspond-
ing to the form factor behavior at large Q2 (3).
From Eq. (10), it follows that the conditions (13) are

equivalent to f0ð1Þ ¼ 0 and f00ð1Þ ≠ 0. Since logðxÞ∼
1 − x for x ∼ 1, a simple ansatz for fðxÞ consistent with
(7), (11), and (13) is

fðxÞ ¼ 1

4λ

!
ð1 − xÞ log

"
1

x

#
þ að1 − xÞ2

$
; ð14Þ

with a being a flavor-independent parameter. From (10),

wðxÞ ¼ x1−xe−að1−xÞ
2
; ð15Þ

an expression that incorporates Regge behavior at small x
and inclusive counting rules at large x.
Nucleon GPDs.—The nucleon GPDs are extracted from

nucleon FF data [66–70] choosing specific x and t depend-
ences of the GPDs for each flavor. One then finds the best
fit reproducing the measured FFs and the valence PDFs. In
our analysis of nucleon FFs [56], three free parameters are
required: these are r, interpreted as an SU(6) breaking
effect for the Dirac neutron FF, and γp and γn, which
account for the probabilities of higher Fock components
(meson cloud) and are significant only for the Pauli FFs.
The hadronic scale λ is fixed by the ρ-Regge trajectory [28],
whereas the Pauli FFs are normalized to the experimental
values of the anomalous magnetic moments.
Helicity nonflip distributions: Using the results from [56]

for the Dirac flavor FFs, we write the spin nonflip valence
GPDs Hqðx; tÞ ¼ qðxÞ exp ½tfðxÞ& with

uvðxÞ ¼
"
2 −

r
3

#
qτ¼3ðxÞ þ

r
3
qτ¼4ðxÞ; ð16Þ

dvðxÞ ¼
"
1 −

2r
3

#
qτ¼3ðxÞ þ

2r
3
qτ¼4ðxÞ; ð17Þ

for the u and d PDFs normalized to the valence content of
the proton:

R
1
0 dxuvðxÞ ¼ 2 and

R
1
0 dxdvðxÞ ¼ 1. The PDF

qτðxÞ and the profile function fðxÞ are given by (9) and
(10), and wðxÞ is given by (15). Positivity of the PDFs
implies that r ≤ 3=2, which is smaller than the value r ¼
2.08 found in [56]. We shall use the maximum value
r ¼ 3=2, which does not change significantly our results
in [56].
The PDFs (16) and (17) are evolved to a higher

scale μ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the M̄S scheme using
the HOPPET toolkit [74]. The initial scale is chosen at the
matching scale between LFHQCD and perturbative QCD
(pQCD) as μ0 ¼ 1.06'0.15 GeV [75] in the M̄S scheme at
next-to-next-to-leading order (NNLO). The strong cou-
pling constant αs at the scale of the Z-boson mass is set to

0.1182 [76], and the heavy quark thresholds are set with
M̄S quark masses as mc¼ 1.28 GeV and mb¼ 4.18 GeV
[76]. The PDFs are evolved to μ2 ¼ 10 GeV2 at NNLO to
compare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a ¼ 0.531' 0.037 is determined from the first moment of
the GPD,

R
1
0 dxxH

q
vðx; t ¼ 0Þ ¼ Aq

vð0Þ from the global data
fits with average values Au

vð0Þ ¼ 0.261' 0.005 and
Ad
vð0Þ ¼ 0.109' 0.005. The model uncertainty (red band)

includes the uncertainties in a and μ0 [78]. We also indicate
the difference between our results and global fits in Fig. 2.
The t dependence of Hq

vðx; tÞ is illustrated in Fig. 3.
Since our PDFs scale as qðxÞ ∼ x−1=2 for small x, the
Kuti-Weisskopf behavior for the nonsinglet structure
functions F2pðxÞ − F2nðxÞ ∼ x½uvðxÞ − dvðxÞ& ∼ x1=2 is
satisfied [79,80].
Helicity-flip distributions: The spin-flip GPDsEq

vðx; tÞ ¼
eqvðxÞ exp ½tfðxÞ& follow from the flavor Pauli FFs in [56]
given in terms of twist-4 and twist-6 contributions

eqvðxÞ ¼ χq½ð1 − γqÞqτ¼4ðxÞ þ γqqτ¼6ðxÞ&; ð18Þ

normalized to the flavor anomalous magnetic momentR
1
0 dxeqvðxÞ ¼ χq, with χu ¼ 2χp þ χn ¼ 1.673 and
χd ¼ 2χn þ χp ¼ −2.033. The factors γu and γd are

FIG. 1. Comparison for xqðxÞ in the proton from LFHQCD (red
bands) and global fits: MMHT2014 (blue bands) [5], CT14 [6]
(cyan bands), and NNPDF3.0 (gray bands) [77]. LFHQCD
results are evolved from the initial scale μ0 ¼ 1.06'0.15 GeV.

FIG. 2. Difference between our PDF results and global fits.
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to constrain the non-minimal sea quark.
The value of the isovector axial charge gA = 1.2732(23)

is precisely determined by the neutron weak decay [58].
As shown in Table I, its values evaluated with a minimal
sea component, gA,min, are smaller than the experimental
value. To in the value of gA with the minimal shift u⌧ !

u⌧ + �⌧,u, ū⌧ ! ū⌧ + �⌧,u and similarly for the d-quark,
implies a positive shift �⌧=5,u and/or �⌧=6,d. Therefore,
we satisfy the sum rule by the shift �⌧=5,u and �⌧=6,d, and
take the variation between them as part of the theoretical
uncertainty.
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FIG. 1. Polarized distributions of the isovector combina-
tion x[�u+(x)��d+(x)] in comparison with NNPDF global
fit [15] and experimental data [6–10, 12]. Three sets of param-
eters, see Table I, are determined from the Dirac form factor
and unpolarized valence distributions. The bands represent
the variation with di↵erent approaches to saturate the axial
sum rule. The blue dashed curve shows the result with only
valence state contribution.

For the universal reparametrization function w(x), we
take the same form as in [50],

w(x) = x
1�x exp[�a(1 � x)2], (31)

with the parameter “a” fixed with the first moment of
unpolarized valence quark distributions. One can in
principle adopt any parametrization form that fulfills
the boundary conditions (7) and (8), and the predictive
power is kept by the universality of w(x) for all PDFs.
For comparison with measurements, we evolve the distri-
butions from 1.06GeV, which is the matching scale sug-
gested by the study of the strong coupling constant [59].
As shown in Figs. 1-3, our numerical results are in good
agreement with the global fit [15] and measurements [6–
10, 12]. The isovector combination �u+ � �d+, where
u+ and d+ stand for u + ū and d + d̄, is the distribu-
tion relevant to the axial charge sum rule (30). In Fig. 1,
the dashed blue curve is the contribution from the va-
lence state only, and the di↵erence with the full results,

FIG. 2. Polarized distributions of u, d, ū, and d̄ in comparison
with NNPDF global fit [15] and experimental data [10, 12].
The bands have the same meaning as in Fig. 1.

FIG. 3. Helicity asymmetries of u + ū and d + d̄ compared
with measurements. The bands and symbols have the same
meaning as in Fig. 1.

cases I, II and III, which include saturation of the ax-
ial sum rule is noticeable. This is consistent with the
analysis of the Pauli form factor in [60], which demon-
strates the significance of the sea quarks in describing
spin-related quantities. For each single flavor, shown in
Fig. 2, the variation of the results with three sets of co-
e�cients is large, because the sea quark coe�cients are
not well constrained by the procedure discussed above.
Furthermore, the truncation of the Fock state up to five-
quark states allowing only one pair of sea quarks may
potentially result in greater theoretical uncertainties for
each individual flavor. The axial sum rule provides an
important constraint but still leave some flexibility, like
adding the same term to uū and dd̄. Since the goal of this
letter is to introduce a new approach to study polarized
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analysis of the Pauli form factor in [60], which demon-
strates the significance of the sea quarks in describing
spin-related quantities. For each single flavor, shown in
Fig. 2, the variation of the results with three sets of co-
e�cients is large, because the sea quark coe�cients are
not well constrained by the procedure discussed above.
Furthermore, the truncation of the Fock state up to five-
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Polarized distributions for the 

isovector combination x[∆u+ (x) − ∆d+ (x)]

u+(x) = u(x) + ū(x)d+(x) = d(x) + d̄(x)

Δq(x) = q↑(x) − q↓(x)



LFHQCD: An overview

Polarized GPDs and PDFs (HLFHS Collaboration, 2019)

• Separation of chiralities in the AdS action allows computation of the matrix elements of the axial current

including the correct normalization, once the coefficients c⌧ are fixed for the vector current

• Helicity retention between quark and parent hadron (pQCD prediction): limx!1
�q(x)
q(x) = 1

• No spin correlation with parent hadron: limx!0
�q(x)
q(x) = 0
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Unpolarized and polarized GPDs and PDFs HLFHS Collaboration (2018, 2020)
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Separation of chiralities from the axial current
Coe�cients c⌧ are fixed from the vector current

Regge trajectory from HLFQCD

↵A(t) =
t

4�

lim
x!1

�q(x)

q(x)
= 1, lim

x!0

�q(x)

q(x)
= 0

DGLAP NNLO evolution from initial scale µ ' 1 GeV from soft-hard matching in ↵s
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a white background, the one-color red version is preferred. An all-black or all-white version is available for use when the
preferred two-color version is not possible or appropriate. Do not create versions of the logo in other colors or
proportions.

The red used in the logo has the following color mix:

Pantone 201
CMYK: 0/100/65/34
RGB: 164/0/29
Web: #8c1515

Caution: DO NOT convert between these four color spaces or the red will change tone. Use Pantone (spot color only) or
CMYK for externally printed pieces, RGB for documents printed in the o!ice, and HEX for web and digital colors. When you
embed an .eps version of a logo, make sure it’s the correct HEX color value BEFORE saving for web or digital.

Incorrect Logo Usage

New Perspectives for Hadron Spectroscopy and Dynamics
 and the Running QCD Coupling 

from Color-Confining Holographic Light-Front QCD

Stan Brodsky  

|p>=|u[ud]> quark-diquark cluster

with Guy de Tèramond, Hans Günter Dosch, Cèdric Lorcè, Alexandre Deur, and Joshua Erlich

A.N. Mitra Memorial Symposium
April 15, 2025


